We consider Yang-Mills theories formulated on a non-commutative space-time described by a space-time dependent anti-symmetric field θ µν (x). Using Seiberg-Witten map techniques we derive the leading order operators for the effective field theories that take into account the effects of such a background field. These effective theories are valid for a weakly non-commutative space-time. It is remarkable to note that already simple models for θ µν (x) can help to loosen the bounds on space-time non-commutativity coming from low energy physics. Non-commutative geometry formulated in our framework is a potential candidate for new physics beyond the standard model. 1
Introduction
In the past years a considerable progress towards a consistent formulation of field theories on a non-commutative space-time has been made. The idea that space-time coordinates might not commute at very short distances is nevertheless not new and can be traced back to Heisenberg [1] , Pauli [2] and Snyder [3] . A nice historical introduction to noncommutative coordinates is given in [4] . At that time the main motivation was the hope that the introduction of a new fundamental length scale could help to get rid of the divergencies in quantum field theory. A more modern motivation to study a space-time that fulfills the non-commutative relation
is that it implies an uncertainty relation for space-time coordinates:
which is the analogue to the famous Heisenberg uncertainty relations for momentum and space coordinates. Note that θ µν is a dimensional full quantity, dim(θ µν )=mass −2 . If this mass scale is large enough, θ µν can be used as an expansion parameter like in quantum mechanics. We adopt the usual convention: a variable or function with a hat is a non-commutative one. It should be noted that relations of the type (1) also appear quite naturally in string theory models [5] or in models for quantum gravity [6] . It should also be clear that the canonical case (1) is not the most generic case and that other structures can be considered, see e.g. [7] for a review. In order to consider field theories on a non-commutative space-time, we need to define the concept of non-commutative functions and fields. Non-commutative functions and fields are defined as elements of the non-commutative algebrâ
where R are the relations defined in eq. (1).Â is the algebra of formal power series in the coordinates subject to the relations (1) . We also need to introduce the concept of a star product. The Moyal-Weyl star product ⋆ [8] of two functions f (x) and g(x) with f (x), g(x) ∈ R 4 , is defined by a formal power series expansion:
Intuitively, the star product can be seen as an expansion of the product in terms of the noncommutative parameter θ. The star product has the following property
as can be proven using partial integrations. This property is usually called the trace property. Here f (x) and g(x) are ordinary functions on R 4 . Two different approaches to non-commutative field theories can be found in the literature. The first one is a non-perturbative approach (see e.g. [9] for a review), fields are considered to be Lie algebra valued and it turns out that only U(N) structure groups are conceivable because the commutator
of two Lie algebra valued non-commutative gauge parametersΛ = Λ a (x)T a andΛ ′ = Λ ′ a (x)T a only closes in the Lie algebra if the gauge group under consideration is U(N) and if the gauge transformations are in the fundamental representation of this group. But, this approach cannot be used to describe particle physics since we know that SU(N) groups are required to describe the weak and strong interactions. Or at least there is no obvious way known to date to derive the standard model as a low energy effective action coming from a U(N) group. Furthermore it turns out that even in the U(1) case, charges are quantized [10, 11] and it thus impossible to describe quarks. The other approach has been developed by Wess and his collaborators [12, 13, 14, 15] , (see also [16, 17] ). The goal of this approach is to consider field theories on non-commutative spaces as effective theories. The main difference to the more conventional approach is to consider fields and gauge transformations which are not Lie algebra valued but which are in the enveloping algebra:Λ
where : : denotes some appropriate ordering of the Lie algebra generators. One can choose, for example, a symmetrically ordered basis of the enveloping algebra, one then has : T a := T a and : T a T b = 1 2 {T a , T b } and so on. The mapping between the noncommutative field theory and the effective field theory on a usual commutative spacetime is derived by requiring that the theory is invariant under both non-commutative gauge transformations and under the usual (classical) commutative gauge transformations. These requirements lead to differential equations whose solutions correspond to the Seiberg-Witten map [18] that appeared originally in the context of string theory. It should be noted that the expansion which is performed in that approach is in a sense trivial since it corresponds to a variable change. But, it is well suited for a phenomenological approach since it generates in a constructive way the leading order operators that describe the non-commutative nature of space-time. It also makes clear that on the contrary to what one might expect [19, 20] the coupling constants are not deformed, but the currents themselves are deformed.
We want to emphasize that the two approaches are fundamentally different and lead to fundamentally different physical predictions. In the approach where the fields are taken to be Lie algebra valued, the Feynman rule for the photon, electron, positron interaction is given by
where p 1µ is the four momentum of the incoming fermion and p 2ν is the four momentum of the outgoing fermion. One could hope to recover the Feynman rule obtained in the case where the fields are taken to be in the enveloping algebra:
if an expansion of (8) in θ is performed. However this is not the case, because some new terms appear in the approach proposed in [12, 13, 14, 16, 17, 15] due to the expansion of the fields in the non-commutative parameter via the Seiberg-Witten map. It is thus clear that the observables calculated with these Feynman rules would be different from those obtained in [21] . Note that the two different approaches nevertheless yield the same observables if the diagrams involved only have on-shell particles.
Unfortunately it turns out that both approaches lead at the one loop level to operators that violate Lorentz invariance. Although it is not clear how to renormalize these models, these bounds might be the sign that non-commutative field theories are in conflict with experiments. If these calculations are taken seriously, one finds the bound Λ 2 θ < 10 −29 [22, 23] , where Λ is the Pauli-Villars cutoff and θ is the typical inverse squared scale for the matrix elements of the matrix θ µν . In view of this potentially serious problem, it is desirable to formulate non-commutative theories that can avoid the bounds coming from low energy physics. It should nevertheless be noted that the operators discussed in [22, 23] , of the type m ψψ σ µν ψθ µν are not generated by the theories developed in [12, 13, 14, 16, 17, 15] at tree level. On the other hand the operators generated by the Seiberg-Witten expansion are compatible with the classical gauge invariance and with the non-commutative gauge invariance. It remains to be proven that the operators discussed in [22, 23] are compatible with the non-commutative gauge invariance. If this is not the case, as long as there are no anomalies in the theory, these operators cannot be physical and must be renormalized. It has been shown that in the approach proposed in [12, 13, 14, 16, 17, 15] , anomalies might be under control [24] . There are nevertheless bounds in the literature on the operators θ µνψ F µν / Dψ which definitively appear at tree level. One finds the constraint Λ N C > 10 TeV for the scale where non-commutative physics become relevant [25] . This constraint comes again from experiments which are searching for Lorentz violating effects.
It is interesting to note that Snyder's main point in his seminal paper [3] was that non-commuting coordinates can be compatible with Lorentz invariance. But, despite some interesting proposals [26, 27, 28] , it is still not clear how to construct a Lorentz invariant gauge theory on a non-commutative space-time.
It is not a surprise that theories formulated on a constant background field that select special directions in space-time are severely constrained by experiments since those are basically ether type theories.
We will formulate an effective field theory for a field theory on a non-commutative space-time which is parameterized by an arbitrary space-time dependent θ(x) parameter. But, we will restrict ourselves to the leading order in the expansion in θ(x). In this case it is rather simple to use the results obtain in [12, 13, 14, 16, 17, 15] to generate the leading order operators. We want to emphasize that it is not obvious how to generalize our results to produce the operators appearing at higher order in the expansion in θ. One has to define a new star product which resembles that obtained by Kontsevich in the case of a general Poisson structure on R n [29, 30, 31 ]. We will then study different models for θ(x), which allow to relax the bounds coming from low energy physics experiments. The aim of this work is not to give a mathematically rigorous treatment of the problem. We will only derive the first order operators that take into account the effects of a space-time which is modified by a space-time dependent θ(x) parameter.
A space-time dependent θ
The aim of this section is to derive an effective Lagrangian for a non-commutative field theory defined on a space-time fulfilling the following non-commutative relation
whereθ(x) is a space-time dependent bivector field which depends on the non-commutative coordinates.
We first need to define the star-product ⋆ x . It should be noted that the ⋆ x -product is different from the canonical Weyl-Moyal product becauseθ(x) is coordinate dependent.
Let us consider the non-commutative algebraÂ defined aŝ
where R x are the relations (10), and the usual commutative algebra A = C x 1 , ..., x 4 . We assume thatθ µν (x) is such that the algebraÂ possesses the Poincaré-Birkhoff-Witt property. Let W : A →Â be an isomorphism of vector spaces defined by the choice of a basis inÂ. The Poincaré-Birkhoff-Witt property insures that the isomorphism maps the algebra of non-commutative functions on the entire algebra of commutative functions.
The ⋆ x -product extends this map to an algebra isomorphism. The ⋆ x -product is defined by
We first choose a symmetrically ordered basis inÂ and express functions of commutative variables as power series in the coordinates x µ ,
By definition, the isomorphism W identifies commutative monomials with symmetrically ordered polynomials in non-commutative coordinates,
where the coefficients α I have been defined in (13) . Using the isomorphism W , we can also mapθ µν (x) which appears in eq. (10) to commutative functions θ µν (x). We havê
and therefore
We want to assume that θ(x) defines a Poisson structure, i.e., satisfies the Jacobi identity
The quantization of a general Poisson structure α has been solved by Kontsevich [29] . Kontsevich has shown that it is necessary for θ(x) to fulfill the Jacobi identity in order to have an associative star product. To first order, the * K -product is given by the Poisson structure itself. The Kontsevich * K -product is given by the formula
A more detailed description can be found in [29] and explicit calculations of higher orders of the * K -product can be found in [32, 33] . Up to first order, the Kontsevich ⋆-product can be motivated by the Weyl-Moyal product, which is of the same form (see the appendix). The difference arises in higher order terms where the x dependence of θ is crucial. Derivatives will not only act on the functions f and g but also on θ(x).
We are interested in the ⋆ x -product to first order and in a symmetrically ordered basis ofÂ (14) . As in (19) , the first order ⋆ x -product is determined by θ µν (x), which corresponds to a symmetrically ordered basis, cf. (12) ,
The ordinary integral equipped with this new star product does not satisfy the trace property, since this identity is derived using partial integration, unless ∂ µ θ µν = 0. We need to introduce a weight function w(x) to make sure that the trace operator defined as
has the following properties:
We shall not try to construct the function w(x), but assume that it exists and has the following property
which is a partial differential equation for w(x), that can be solved once θ ij (x) has been specified. Furthermore we assume that it is positive and falls to zero quickly enough when θ µν (x) is large, so that all integrals are well defined.
In the sequel we shall derive the consistency condition for a field theory on a spacetime with the structure (10) . We shall follow the construction proposed in [12, 13, 14] step by step. 
Classical gauge transformations
under a classical gauge transformation. We can consider the commutator of two successive gauge transformations:
The Lie algebra valued gauge potential transforms as
The field strength is constructed using the gauge potential F µν (
A ν ] and the covariant derivative is given by D µ = ∂ µ − igA µ . These are the well known results obtained by Yang-Mills already a long time ago [34] . This classical gauge invariance is imposed on the effective theory, which we will derive.
Non-commutative gauge transformations
This effective theory should also be invariant under non-commutative transformations defined byδΛΨ
Functions carrying a hat have to be expanded via a Seiberg-Witten map. We now consider the commutator of two non-commutative gauge transformationsΛ(x) andΣ(x):
In order to fulfill the relation (29) , the gauge transformations and thus the fields cannot be Lie algebra valued but must be enveloping algebra valued (see (7) ). This is the main achievement of Wess' approach [13] . This is also what allows to solve the charge quantization problem [15] .
Since we restrict ourselves to the leading order expansion in θ(x), we can restrict ourselves to gauge transformationsΛ α(x) [A µ ] whose x-dependence is only coming from the gauge potential A µ and from the x-dependence of the classical gauge transformation
Subtleties might appear at higher orders in θ(x). We assume that θ(x) is invariant under a gauge transformation. The operatorx is invariant under a gauge transformation. One can as usual introduce covariant coordinatesX µ =x µ +Â µ . The non-commutative field strength can be defined asF µν = [X µ ,X ν ] −θ µν (X). These results are very similar to those obtained for the Poisson structure in [31] .
Consistency condition and Seiberg-Witten map
As done in [12, 13, 14] we impose that our fields transform under the classical gauge transformations according to (25) and under non-commutative gauge transformation according to (28) . We require that the non-commutative, enveloping algebra valued gauge parametersΛ andΣ fulfill the following relation:
which defines the non-commutative gauge transformation parameters Λ and Σ. The Seiberg-Witten maps [18] have the remarkable property that ordinary gauge transformations δA µ = ∂ µ Λ + i[Λ, A µ ] and δΨ = iΛ · Ψ induce non-commutative gauge transformations of the fieldsÂ,Ψ with gauge parameterΛ as given above:
The gauge parametersΛ,Σ andΥ Λ×Σ are elements of the enveloping Lie algebra:
with the understanding that λ, σ and υ are independent of θ(x) and Λ 1 , Σ 1 and Υ 1 are proportional to θ(x). Again we restrict ourselves to the leading order terms in θ(x). One finds
in the zeroth order in θ(x) and
in the leading order. The ansätze
solve equation (35) , this is the usual Seiberg-Witten map in the leading order in θ(x).
The matter fieldsΨ are also elements of the enveloping Lie algebrâ
where ψ is independent of θ(x) and ψ 1 is proportional to θ(x). Equation (30) becomes [12, 13, 14] 
in the zeroth order in θ(x), and
in the leading order in θ(x). The solution is
This solution is identical to the one in the case of constant θ. The following relation is also useful to build actions:
We shall now consider the gauge potential. It turns out that things are much more complicated in that case than they are when θ is constant. We need to introduce the concept of covariant coordinates as it has been done in [12] . The non-commutative coordinatesx i are invariant under a gauge transformation:
this implies thatx iΨ is in general not covariant under a gauge transformation:
To solve this problem, one introduces covariant coordinatesX i [12] such that:
under a gauge transformation. In our caseB i (x) is not the gauge potential. We need to recall two relations:
Equation (45) then becomeŝ
Following [12] , we expandB i as follows:
We obtain the following consistency relation forB i :
These equations are fulfilled by the ansätze
The Jacobi identity (18) is required to show that these ansätze work.
The problem is to find the relation to the Yang-Mills gauge potential A µ . If θ is constant the relation is trivial:
Our goal is to find a relation betweenÂ µ , defined asD µ = ∂ µ − iÂ µ , andB i such that the covariant derivativeD µ transforms covariantly under a gauge transformation.
Let us consider the productX i ⋆ xΨ again. It transforms covariantly according to (44).
Let us now consider the object
is a covariant function ofX. The object under consideration transforms according toδ
We can thus define a covariant derivativeD μ
which transforms covariantly. There is one new subtlety appearing in our case. Note that θ −1 µi (X) depends on the covariant coordinateX µ . We need to expand θ −1 µi (X) in θ. This is done again via a Seiberg-Witten map. The transformation property ofθ −1 µν implies
where we have used the following expansionθ −1 (X) = (θ 0 (x)) −1 + (θ 1 (x)) −1 + O(θ 2 ) for θ −1 (X). One finds:
. This system is solved by:
note that this expansion coincides with a Taylor expansion for (θ −1 µν )(X). The Yang-Mills gauge potential is then given bŷ
One finds:
The derivative term is more complex than it is usually:
Note that A 1 µ ⋆Ψ and the modified derivative are not hermitian, we will have to take this into account when we build the actions in the next section.
Actions
In this section, we shall concentrate on the actions of quantum electrodynamics and of the standard model on a background described by a θ which is space-time dependent. The main result is that the leading order operators are the same as in the constant θ case, if one substitute θ by θ(x). New operators with a derivative acting on θ(x) also appear.
QED on a x-dependent space-time
An invariant action for the gauge potential is
whereF µν is defined aŝ
For the matter fields, we find
whereD µΨ = (∂ µ − iÂ µ ) ⋆ xΨ . We can now expand the non-commutative fields in θ(x) and insert the definition for the ⋆ x product. The Lagrangian for a Dirac field that is charged under a SU(N) or U(N) gauge group is given by
+terms with derivatives acting on θ and the gauge part is given bŷ
+terms with derivatives acting on θ.
The terms involving a derivative acting on θ will be written explicitly in the action. They can be casted in a very compact way after partial integration and some algebraic manipulations. The following two relations can be useful these algebraic manipulations:
One notices that some of the terms with derivative acting on θ are total derivatives:
using partial integration and where the last step follows from the property (24) . These terms therefore do not contribute to the action. For the action we use partial integration, the cyclicity of the trace and the property (68) and obtain to first order in θ(x)
+terms with derivatives acting on θ,
where t 1 is a free parameter that depends on the choice of the matrix Y (see [15] ). We have not calculated explicitly the terms with derivatives acting on θ for the gauge part of the action. These terms are model dependent as they depend on the choice of the matrix Y . These terms will be calculated explicitly in a forthcoming publication. We used the following notations:
and
The usual coupling constant e can be expressed in terms of the g n by
The standard model on a x-dependent space-time
The non-commutative standard model can also be written in a very compact way following [15] :
The notations are same as those introduced in [15] . The only difference is the introduction of the weight function w(x). The expansion is performed as described in [15] . There are new operators with derivatives acting on θ(x), but the terms suppressed by θ(x) that do not involved derivatives on θ are the same as those found in [15] . One basically has to replace θ by θ(x) in all the results obtained in [15] . 
Feynman rules
We shall concentrate on the vertex involving two fermions and a gauge boson which is modified by θ(x). One finds:
whereθ is the Fourier transformed of θ(x). This is the lowest order in g and θ(x) vertex which is model independent, i.e. independent of t 1 . It is clear than the dominant signal is a violation of the energy-momentum conservation, as some energy can be absorbed in the background field or released from the background field. Similar effects will occur for the three gauge bosons interaction and for the two fermions two gauge bosons interactions.
Models for θ(x)
The function θ(x) is basically unknown. It depends on the details of the fundamental theory which is at the origin of the non-commutative nature of space-time. Recently non-commutative theories with a non-constant non-commutative parameter have been found in the framework of string theory [35, 36, 37] . But, since we do not know what will eventually turn out to be the fundamental theory at the origin of space-time noncommutativity, we can consider different models for θ(x). One particularly interesting example forθ(b), is a Heaviside step function times a constant antisymmetric tensor
The main motivation for such an ansatz is the as mentioned in [15] , the non-commutative nature of space-time sets in only at short distances. A Heaviside function simply implies that there is a energy threshold for the effects of space-time non-commutativity. In that case the vertex studied in (75) becomes
where θ(b 0 − Λ R ) is the Heaviside step function. In other words, the energy of the decaying particle has to be above the energy Λ R corresponding to the distance R. Note that we now have two scales, the non-commutative scale Λ N C included in θ and the scale corresponding to the distance where the effects of non-commutative physics set in Λ R . A small scale of e.g. 1 GeV for Λ R is sufficient to get rid of all the constraints coming from low energy experiments and in particular from experiment that are searching for violations of Lorentz invariance. This implies that heavy particles are more sensitive to the non-commutative nature of space-time that the light ones. It would be very interesting to search for violation of energy conservation in the top quark decays since they are the heaviest particles currently accessible. Clearly, there are certainly models that are more appropriate than a Heaviside step function. This issue is related to model building and is beyond the scope of the present paper. Our aim was to give a simple example of the type of models that can help to loosen the experimental constraints.
Another interesting possibility is that θ µν transforms as a Lorentz tensor: θ µν (x ′ ) = Λ µ ρ Λ ν σ θ ρσ (x) in which case the action we have obtained is Lorentz invariant. It is nevertheless not clear which symmetry acting on θ(x), i.e. at the non-commutative level, could reproduce the usual Lorentz symmetry once the expansion in θ is performed. There are nevertheless examples of quantum groups, where a deformed Lorentz invariance can be defined [38, 39] . Note that if θ(x) develops a vacuum expectation value, Lorentz invariance is spontaneously broken.
Conclusions
We have proposed a formulation of Yang-Mills field theory on a non-commutative spacetime described by a space-time dependent anti-symmetric tensor θ(x). Our results are only valid in the leading order of the expansion in θ. It is nevertheless not obvious that these results can easily be generalized. The basic assumption is that θ(x) fulfills the Jacobi identity, this insures that the star product is associative.
We have generalized the method developed by Wess and his collaborators to the case of a non-constant field θ, we have derived the Seiberg-Witten maps for the gauge transformations, the gauge fields and the matter fields. The main difficulty is to find the relation between the gauge potential of the covariant coordinates and the Yang-Mills gauge potential.
As expected new operators with derivative acting on θ are generated in the leading order of the expansion in θ. But, most of them drop out of the action because they correspond to total derivatives.
The main difference between the constant θ case is that the energy-momentum at each vertex is not conserved from the particles point of view, i.e. some energy can be absorbed or created by the background field. One can consider different models for the deformation θ. It is interesting to note that already a simple model can help to avoid low energy physics constraints. This implies that non-commutative physics becomes relevant again as candidate for new physics beyond the standard model in the TeV region.
the leading order and this can be done easily as described in [12, 13, 14] by considering the Weyl deformation quantization procedure [40] :
We now consider the ⋆ x -product of two functions f and g:
The coordinates are non-commutating, the Campbell-Baker-Hausdorff formula e A e B = e A+B+ 1 neglecting higher order term in θ that are unknown and taking the limit y → x. It is interesting to note that it corresponds to the leading order of the star-product defined for a Poisson structure [29, 30, 31] . We want to insist on the fact that the results presented in this appendix cannot be generalized to higher order in θ. This can be done using Kontsevich method which is unfortunately much more difficult to handle.
